Two-phase heat exchangers are used in a variety of industrial processes in which the boiling fluid flows through a network of parallel channels. In some situations, the fluid may not be uniformly distributed through all the channels, causing a degradation in the thermal performance of the system. A methodology for modeling two-phase flow distributions in parallel-channel systems is developed. The methodology combines a pressure-drop model for individual parallel channels with a pump curve into a system flow network. Due to the non-monotonicity of the pressure drop as a function of flow rate for boiling channels, many steady-state solutions exist for the system flow equations. A new numerical approach is proposed to analyze the stability of these solutions, based on a generalized eigenvalue problem. The method is specifically designed for analyzing systems with hundreds of identical parallel channels.
Introduction
Two-phase heat exchangers are used in a variety of industrial processes such as steam generation, air conditioning, and nuclear reactor cooling. Increased attention is being targeted at microscale two-phase heat sinks for cooling of advanced microelectronics devices used in high-performance computing clusters, power conversion systems, and radar technologies. Such two-phase flow cooling strategies allow for increased heat transfer coefficients with reduced temperature gradients as they exploit the latent heat of evaporation. However, two-phase flow instabilities may reduce heat sink performance and limit predictability and reliability. These instabilities can pose a severe impediment to industrial-scale implementation of such cooling strategies.
Two-phase flow instabilities are commonly categorized into static and dynamic instabilities [1, 2] .
Static instabilities occur when a disturbance causes a steady-state operating point to jump to a different operating point. Examples are the Ledinegg (excursive) instability, boiling crisis, and flow pattern transition instabilities. Dynamic instabilities occur when several physical mechanisms interact through feedback, influenced by inertia and delay. Pressure-wave (acoustic) oscillations, density-wave oscillations, and pressure-drop oscillations are the most common dynamic instabilities. Two-phase heat sinks usually comprise a large number of parallel channels to maximize the heat transfer area density.
Additional instability mechanisms that may occur in these parallel channels include flow maldistribution instability and parallel-channel instability. Flow maldistribution occurs when the distribution of flow rate across parallel channels becomes non-uniform. Parallel channel instabilities constitute sustained out-ofphase channel-to-channel oscillations.
Two-phase flow instabilities have been reviewed in the literature [1] [2] [3] [4] [5] [6] . A comprehensive literature review on flow maldistribution in systems with two-phase inlet mixtures, as often encountered in air conditioning systems, can be found in Ref. [7] . In those systems, the uniformity of the phase distribution in the inlet header to the different channels plays a dominant role. The focus of this work is instead on two-phase flow maldistribution in parallel-channel systems with a subcooled inlet state.
Flow maldistribution
Flow maldistribution in parallel-channel two-phase heat sinks has been observed experimentally in various studies [8] [9] [10] [11] [12] [13] . Maldistribution can have several causes: asymmetrical inlet header designs, differences in channel geometry or surface properties, non-uniform heating, and the non-monotonic nature of channel pressure drop as a function of flow rate. The latter two causes are specific to the boiling flows of interest in the current work. Mechanisms underlying these two causes can be explained using operating points when flow is supplied according to the general pump curve). In networks of parallel channels, each channel has its own load curve, but the operating points of each channel are not independent of each other. In particular, the system must satisfy mass conservation, i.e., the sum of all channel flow rates must equal the total pump flow rate, and the pressure drop across each channel must be the same.
The N-shaped load curve of the heated channel is in contrast to the monotonic adiabatic channel load curve ( Figure 1 ). At high enough flow rates, the heated channel load curve is similar to the adiabatic case because the coolant is in the liquid state throughout the full length of the channel. At lower flow rates, boiling occurs in the heated channel. The vapor generation leads to increased frictional and accelerational pressure drops, causing the load curve to deviate from the adiabatic curve. At very low flow rates, the channel is almost completely filled with vapor, and the pressure drop decreases monotonically with decreasing flow rate. This behavior introduces a local maximum (point C) and a local minimum (point E)
in the load curve, allowing three regions to be distinguished based on flow rate: region I (below WC), region II (between WC and WE) and region III (above WE). These regions correspond roughly to superheated outlet, two-phase outlet, and subcooled outlet states, respectively.
It is clear from the above discussion that the channel load curve depends on the amount of heat input, since the heat input determines the thermodynamic state of the fluid in the channel. If parallel channels have different load curves because of non-uniform heating, then they must have different flow rates to match their pressure drops. As a result, non-uniform heating can cause flow maldistribution between parallel boiling channels. However, flow maldistribution can occur even if all parallel channels have the same heat flux, i.e., the same load curve, as a result of the inherent non-monotonic nature of the channel load curve. Operating points in parallel channels must have the same pressure drop, but can have very different flow rates. For example, operating points A, D, and G in Figure 1 all have the same pressure drop but at very different flow rates. In a parallel array, the channels could assume some combination of these operating points, resulting in maldistribution.
Not every steady-state system operating point is practically achievable in view of the Ledinegg instability. This static instability arises from interaction between the pump and load curves in flow boiling systems. In a single-channel system, it occurs when the slope of the load curve is lower than the 5 slope of the pump curve. Under this condition, small disturbances cause an exponentially growing excursion from the original steady-state operating point, eventually transitioning to a different but stable operating point. For a pump supplying a constant pressure drop, the Ledinegg instability occurs when the channel load curve has a negative slope (e.g., point D in Figure 1 ). In contrast, a single channel with a constant flow-rate pump is unconditionally stable. A comprehensive study of the Ledinegg instability was reported by Zhang et al. [14] . Ruspini et al. [15] modeled the Ledinegg instability dynamics. For systems of multiple parallel channels, the stability criterion is more complex than for the single-channel case described here. Interactions between the pump and all the channels simultaneously govern stability.
Since maldistribution causes some channels to be starved of flow relative to a uniform distribution, premature critical heat flux (CHF) can be triggered [3] . This limits the heat flux that can be safely dissipated without inducing an extreme temperature rise in the heat source. Several remedies have been proposed to suppress two-phase flow maldistribution and other (parallel-channel) instabilities: inlet restrictions [3, 11, 16, 17] , reentrant cavities [18] , diverging cross-sections [19] , seed bubbles [20] , increased system pressure [21] , self-sustained high-frequency oscillations [22] , and active control of pump and/or valves [23] [24] [25] [26] . However, these measures may not effectively suppress maldistribution specifically, may be infeasible to implement in some applications, or may increase pressure drop. It is therefore necessary to better understand the mechanistic behavior of flow maldistribution in channels with flow boiling, and develop appropriate models to allow prediction and control of flow in two-phase heat sinks.
Literature review
Whereas there is a rich literature on various kinds of two-phase flow instabilities, relatively few studies focus on modeling two-phase flow distribution with subcooled inlet flow; we review this subset of the literature here.
Flow rate distribution among parallel evaporator tubes has been studied by Akagawa et al. [27] . They experimentally obtained channel load curves for individual tubes experiencing flow boiling, which displayed the N-shape as in Figure 1 . They also conducted experiments in parallel tube systems where the flow distribution, excursion and hysteresis phenomena, and flow instabilities were observed and recorded. In configurations of two or three parallel channels, flow rate distributions could be estimated from their individual load curves. However, some of the predicted operating points could either not be reached or needed temporary throttling of an inlet valve on one of the channels. In all channel configurations, significant deviations from uniform flow distribution could be observed when one of the individual channel load curves had a negative slope. The authors also presented a stability criterion derived from a Laplace transformation of the linearized momentum equations for the system of parallel 6 channels. This criterion involves the slopes of every individual load curve. It is used to explain why some operating points are stable even when one of the channels has a negative slope in the load curve.
This criterion was a good predictor of which operating points could be experimentally obtained.
Natan et al. [28] studied flow distribution in parallel evaporator pipes and noted in their analysis the number of different flow distributions possible at a given pressure drop. Minzer et al. [29] used the stability criterion of Ref. [27] to predict which of these flow distributions could occur in practice, when the inlet flow rate is fixed. This prediction corresponds well with experimental observations. Later, a model was proposed that enabled transient simulations [30] . This model was validated against steadystate experimental data of flow distributions in two parallel pipes. Furthermore, the transient simulations were used to confirm the results of the linear stability analysis; whenever the operating conditions were steered into an unstable region, the flow distribution would quickly diverge from the unstable steady-state operating point and move to a different stable steady-state point. Baikin et al. [31] extended the work of
Ref. [30] to study up to four parallel pipes. Experimentally obtained steady-state flow distributions with different combinations of heated and unheated channels were predicted by the model and stability criterion. In general, the fraction of flow to the heated channels in which boiling occurred was reduced below average. A similar study was performed [32] on two parallel channels using a model like in Ref.
[30], but with higher spatial resolution. Barnea et al. [33] then obtained transient experimental data of flow distribution and showed qualitative agreement with this model. However, the rate of change of state variables in the experimental system was lower than the theoretical prediction. Nevertheless, the model was able to generally predict the correct paths and end points of the transients. Zhou et al. [34] applied the method of Refs. [30, 31] to several different configurations of heated and unheated channels with four parallel channels.
The stability of parallel channel systems was studied by Zhang et al. [24, 25] by examining the linearized dynamic system equations. Their analysis of the system dynamics revealed an interesting feature. If all parallel channel load curves had different slopes, it was found that the system was controllable and observable. This means that controlling the pump pressure is theoretically sufficient to suppress unstable behavior in the parallel channels (flow excursions or pressure-drop oscillations) and that the flow distribution can be inferred from the total flow rate. This has been demonstrated in Ref. [25] by transient simulations. However, pump control alone is insufficient when two or more channels are identical, in which case control with inlet valves is needed [24] .
Manavela Chiapero et al. [35] studied maldistribution resulting from the multiplicity of solutions in parallel-channel heat exchangers. They used a dynamic lumped-parameter network model, incorporating upstream compressibility, to study the evolution of pressure drop and flow rate through each channel. parametric analysis is performed to study the effects of inlet temperature, heat flux, and flow rate on the severity of flow maldistribution.
Methodology
This section describes a new methodology used to model the flow distribution in parallel channels experiencing flow boiling. Our approach is modified from the method used by Akagawa et al. [27] ,
Minzer et al. [30] , and Baikin et al. [31] to allow prediction of stable flow distributions for a larger number of channels. The critical modifications required for this purpose are emphasized throughout this section. The flow through each channel is modeled separately and coupled in a dynamic network model.
All steady-state solutions of the resulting system of equations are first calculated. A linear stability analysis of the dynamic equations is then used to differentiate between stable and unstable steady-state solutions.
Dynamic flow network equations
Our analysis is based on the ideal open-loop flow network shown in Figure 2 . It consists of a pump that supplies subcooled liquid into an array of parallel heated channels. The momentum equation for each channel is given by: A . The actual pressure drop p is the same for all channels and is the same as the pressure head provided by the pump.
The pump curve is given by:
The implicit function   p , FW p  specifies the relation between the pump flow rate W and the pressure drop p.
Mass conservation dictates that the pump flow rate W must equal the sum of individual flow rates
where N is the number of channels and W is also referred to as the total flow rate.
The system of differential-algebraic equations (1)- (3) describes the dynamic behavior of the flow rate distribution and pressure drop in a system of parallel channels. Flow distribution predictions based on this general approach have been successfully validated experimentally in the literature [27, 30, 31, 33] .
Steady-state flow distributions
The calculation of steady flow rate distributions is performed as follows. The cumulative load curve for the array of parallel channels is calculated by summing individual flow rates at each pressure drop level p. In the typical N-shaped load curve of individual heated channels, the same pressure drop occurs at three different flow rates, one in each of the three flow rate regions I, II, and III. This means that the cumulative load curve consists of up to 3 N combinations of individual flow rate distributions at any given pressure drop. Therefore, the computational complexity increases exponentially with the number of channels N.
In principle, steady-state operating points are only found at the intersections of the cumulative load curve and the pump curve. However, every point on the cumulative load curve could be an operating point of the system for some arbitrary pump curve. To retain generality, we will discuss the entire cumulative load curve without narrowing to a specific pump curve. 9
Stability analysis
The stability of the steady-state operating points is calculated to determine if they would be realized in practice. A stability analysis is performed on the linearization of the system dynamics given by
Equations (1)- (3). This linearization is given by:
where  is used to denote small deviations from the steady-state operating point. The following shorthand notation for the partial derivatives is used:
,,
Unless the pump curve sets a constant flow rate, its slope p can be obtained as follows:
Otherwise, in case of a constant flow rate pump curve, the slope of the pump curve is undefined. This motivates the use of the implicit formulation for the pump curve in Equation (2) to ensure that all coefficients in the linearized system dynamics are real numbers. Equation (4) can be written as:
where the vector y contains all the state variables i W , W, and p. Note that the matrix M is singular, which is typical of differential-algebraic equations. The stability of this system is determined by the eigenvalues  of the following generalized eigenvalue problem [36] :
where  is a (generalized) eigenvalue and the (generalized) eigenvector v is composed as:
The system stability depends on the signs of the eigenvalues. It is stable at an operating point if the real part of every eigenvalue  is negative. Otherwise the operating point is unstable.
The generalized eigenvalue problem is solved numerically using the MATLAB built-in eigenvalue solver to obtain a set of eigenvalues and eigenvectors. The stability is then judged based on the signs of the eigenvalues at every possible operating point, i.e., at every pressure drop level for every combination of individual channel flow rates. A numerical approach was chosen because it allows automatic application to cases with differing number of channels.
While stability analysis method is straightforward and easy to implement, the number of different flow rate combinations increases exponentially with the number of channels N. In addition, the size of the eigenvalue problem increases with N as well. This means that interrogating the behavior of systems with a large number of parallel channels is an intrinsic challenge in terms of computational complexity, which we will address in Section 4.
Analysis of the generalized eigenvalue problem
This section presents a theoretical analysis of the structure of the generalized eigenvalue problem (Equation (8)). This analysis aids in understanding the stability of flow distributions in parallel channels.
Furthermore, these theoretical results help enable the development of an efficient approach for simulating a large number of identical parallel channels in Section 4.
The structure of the generalized eigenvalue problem depends on the pump curve. First, we will analyze the special case of a constant pressure-drop pump curve. Then, a general pump curve is considered, which is also applicable to the case of a constant flow-rate pump curve.
Constant pressure-drop pump curve
For the constant pressure-drop pump curve, the coefficient W is zero. In Equation (4), the second-tolast row (corresponding to the pump curve) and the last column (corresponding to the variable   
This system has N eigenvalues  :
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The corresponding eigenvectors are given in Table 1 . Note that the eigenmodes of this special case are determined by each channel independently. A constant pressure-drop pump therefore effectively decouples the behavior of each individual channel. We define the natural eigenvalues i e of a system of parallel channels as follows:
The natural eigenvalues i e describe the dynamic behavior of each individual channel operating at constant pressure drop, isolated from other channels.
The stability of the system with constant pressure-drop pump curve is determined by the signs of the natural eigenvalues i e . For stability, all natural eigenvalues need to be negative, or equivalently, the load curve of every channel must have a positive slope i .
General pump curve
For a general pump curve, the coefficient W is nonzero. The eigenvalue problem is as follows:
There are two kinds of solutions to this eigenvalue problem, depending on whether  is equal to a natural eigenvalue i e . The first kind occurs when the natural eigenvalue i e of at least two channels is identical,
i.e., multiplicity of i e is higher than one. Then, this natural eigenvalue i e is also an eigenvalue  of the system. The corresponding eigenvectors are given in Table 1 . Note that in this kind of eigenmodes, the flow rate does not change in the channels with a different natural eigenvalue.
In the second kind of solutions,  is not equal to a natural eigenvalue 
The characteristic function   g  is defined as follows:
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The eigenvalues of Equation (13) are given by the roots of Equation (14) . The corresponding eigenvectors are given in Table 1 It follows from the above discussion that the stability of a system with a general pump curve or constant flow rate-pump curve can be estimated by studying the pole locations of   g  , i.e., the natural eigenvalues i e . Because all eigenvalues need to be negative for the system to be stable, the stability can be determined solely from the sign of the largest eigenvalue. This largest eigenvalue e is negative (e.g., Figure 3 ), the sign of the largest eigenvalue cannot be graphically estimated and the eigenvalue problem must be solved numerically. This leads to the conclusions that the flow distribution in an array of parallel channels subject to a general pump curve or constant flow-rate pump curve: (a) is definitely stable when all channel load curves have a positive slope, (b) is definitely unstable when at least two channel load curves have a negative slope, or (c) may be stable or unstable when there is exactly 13 one channel load curve with a negative slope. In the last case, a flatter pump curve, i.e., with higher
 and makes the system less stable, approaching the behavior of a system with constant pressure-drop pump curve.
Efficient methodology for identical parallel channels
In the case of all channel load curves being identical, the methodology discussed in Section 2 can be adapted to reduce the computational complexity. The reason is two-fold: the number of distinguishable flow rate distributions is lower, and the size of the eigenvalue problem can be reduced. We consider a general pump curve. The stability for a constant pressure-drop pump curve is trivial, because it is directly determined by the natural eigenvalues i e .
In the general case with non-identical channels, there are The analysis of the eigenvalue structure revealed two kinds of eigenmodes. The first kind occurs when two or more channels have the same natural eigenvalue i e . For identical channels, this happens when the number of channels in a group is two or more. Then, an eigenvalue  (with multiplicity) is associated with this natural eigenvalue i e . The second kind of eigenvalues is governed by Equation (14) .
It follows from 
Combining all eigenvalues of the first and second kind obtained by the aforementioned approach gives the same result as directly solving Equation (8), but the matrix size of Equation (16) is only 55 instead of (N+2)(N+2). This enables a significant reduction in computational complexity when the number of channels N is large.
Results and Discussion
This section presents results obtained using the flow distribution and stability analyses developed in this work. First, the load curve of a single heated channel is discussed. This individual channel load curve is subsequently used in several case studies with multiple identical parallel channels, and also to show the asymptotic behavior for an increasing number of channels. Finally, the effects of inlet temperature, heat input, and flow rate on the stability of the uniform flow distribution as well as on the severity of maldistribution are investigated.
Single channel
The flow distribution modeling methodology is based on individual channel load curves, which determine the steady-state pressure drop p as a function of individual channel flow rate i W . We use the pressure-drop model described in Appendix A and the channel parameters given in Table 2 . These parameters are representative of a microchannel heat sink. The heat flux and flow rate ranges ensure laminar flow in all of the results presented.
The resulting load curve for an individual channel is shown in Figure 4 . A heated and an unheated case are shown. The load curves follow the trend shown schematically in Figure 1 , owing to the mechanisms described in Section 1. The three flow rate regions for this case are: region I from a flow rate of 0 mg/s to 0.27 mg/s; region II from 0.27 mg/s to 1.2 mg/s; and region III for all flow rates higher than 1.2 mg/s.
The stability of a system with a single channel is straightforward. For a constant pressure-drop pump, the flow is stable if the slope of the channel load curve is positive. This is true in regions I and III of the heated channel load curve. The flow is unstable in region II where the slope is negative. For a constant flow-rate pump, the flow is unconditionally stable.
Two identical parallel channels
The load curve for an individual boiling channel from Section 5.1 is used in a system of two identical parallel channels. The cumulative load curve is shown in Figure 5 , obtained as described in Section 2.
Note that the resulting graph is multivalued, i.e., there is no unique pressure drop at a given total flow rate. Also, the cumulative load curve crosses itself, meaning that different flow distributions can lead to the same total flow rate W and pressure drop p.
The flow distribution is visualized in Figure 6 can generally say that a channel with a flow rate lower than the average of all channels is starved of flow.
This can be considered an unfavorable situation compared to uniform flow; the lack of flow rate can cause the fluid to evaporate to superheated vapor state at the exit and consequently reduce thermal performance.
For constant total flow rate, the stability of the steady-state operating points is assessed using the eigenvalue method explained in Section 4. The color of each operating point in Figure 5 and Figure 6 denotes the stability. Steady operation cannot be maintained at unstable points without external control.
For a constant pressure drop (not indicated in Figure 5 and Figure 6 ), the trivial stability assessment is the same as the single-channel case, because this boundary condition effectively decouples parallel channels from one another. In the remainder of this text, stability will be assessed assuming the system operates at a fixed total flow rate, unless otherwise stated.
The stability behavior can be explained using our theoretical analysis of the eigenvalue problem in Section 3. The combinations I+I, III+III, and I+III are stable because both channels operate in a positive-slope region. The combination II+II is unstable because both channels operate in a negative-slope region. 
Five identical parallel channels
The two-channel case is the simplest parallel-channel system, and allowed a detailed explanation of the cause of maldistribution and the stability of different flow distributions. Our next example features a system with five identical heated parallel channels to illustrate the flow distribution behavior for larger numbers of channels, as in practical applications. The five-channel system is again based on the individual channel load curve from Figure 4 , corresponding to the channel parameters given in Table 2 . Figure 7 presents the cumulative load curve for the five-channel system. There are clearly many more possible solutions at a fixed flow rate or pressure drop compared to the two-channel system. As in the two-channel case, the cumulative load curve crosses itself. A pattern emerges in the stability of operating points. The stable operating points involve almost only individual channels operating in a positive-slope region, i.e., I or III. Intermediate flow rates have stable operating curves that correspond to different combinations of the region I and region III curves. There is only one exception, as indicated in Figure 7 . This 'stability exception' is a combination involving one channel in region II and all other channels in region I that is stable for some flow rates. The results show that at most one channel can be in the negative-slope region in stable distributions. The same conclusion has been made based on the theoretical analysis of the eigenvalue problem in Section 3. Hence, the uniform flow distribution with all channels in region II, for a total flow rate W between 1.4 mg/s and 6.0 mg/s, is entirely unstable. This is a similar observation as in the two-channel case. Also, hysteresis can again be observed.
Stability behavior for increasing number of parallel channels
To further investigate the flow distribution and stability behavior for an increasing number of channels, several test cases with increasing numbers of channels N up to 200 have been simulated. follows. If all channels have a positive load curve slope, then the system is always stable. If two or more channels have a negative load curve slope, then the system is always unstable. In particular, uniform flow distribution was always found to be unstable in the negative-slope region II. If exactly one channel has a negative load curve slope, the system is sometimes stable and sometimes unstable. This agrees with our theoretical prediction (Section 3.2) that at most one channel with negative slope in the load curve occurs in the stable distributions. The stability behavior when there is exactly one negative-slope channel is determined by a "forbidden" flow rate region (contained in region II) in the individual channel load curve.
If the negative-slope channel operates in this forbidden region, the system is unstable, and vice versa.
This behavior is exemplified by the 'stability exception' that was discussed in Section 5.3 for a fivechannel system ( Figure 7 ).
The location of the forbidden region depends on the number of parallel channels N. The forbidden region for several systems with different numbers of channels is depicted in Figure 9 . Note that the vertical axis uses arbitrary units for visualization purposes to offset the otherwise overlapping curves (shifted without rescaling). The bounds of the forbidden region for these cases are given in Table 3 . It is clear from the data in Figure 9 and Table 3 that the location of the forbidden region converges for N . In the limit, the forbidden region occupies the entire negative-slope region of the individual channel load curve.
This observation leads to the conclusion that the asymptotic limit of the stability of a system of parallel channels with constant total flow rate is determined in a straightforward fashion from the slopes of the individual channel load curves. In the limit of N , the system is stable if and only if all channels have a positive channel load curve slope, and unstable otherwise. Remarkably, this behavior is exactly the same as for a system with constant pressure drop, as indicated in the last row of Table 3 and on Figure 9 . We conclude that the stability behavior for a system of identical parallel channels operating at constant flow rate converges asymptotically to the stability for the same system operating at constant pressure drop with an increasing number of channels.
This is an important conclusion, because it yields an approximate method for analyzing the stability of systems with many identical parallel channels for any kind of pump curve. Instead of applying the full numerical stability analysis presented in Sections 2 and 4, it is sufficient to simply look at each of the individual channel load curve slopes. As an approximate guideline, the system operating point is stable if and only if all channels have a positive load curve slope, and is otherwise unstable. The accuracy of this approximation increases with increasing number of channels, which can be estimated by the information contained in Table 3 .
Parametric effects on the stability of uniform flow distribution
The stability of the uniform flow rate distribution is of primary practical concern. We pointed out in Section 5.4. that uniform flow distribution is unstable in the negative-slope region (II). The uniform distribution is stable in the positive-slope regions (I and III). This holds for any number of parallel channels higher than one, regardless of pump curve.
The flow rate range with a negative channel load curve slope, and its implications on flow distribution, is therefore crucial to the design and analysis of two-phase heat transfer systems with parallel channels. This flow rate range depends on the geometry of the channel, the fluid, and other operating conditions. Studies on the parametric dependency of boiling channel load curves in the literature to date [14, 37, 38] lack an assessment of the effect on the system stability (see Table 4 ). Therefore, we specifically characterize the extent of the negative-slope region as a function of system operating conditions. The effect of three operating parameters is considered: average channel flow rate avg W , heat input Q', and inlet subcooling correspond to the local maximum and minimum of the N-shaped load curve, i.e., the bounds of the negative-slope region within which the uniform flow distribution is unstable. We refer to the locus of these points as the uniform distribution stability boundary (UDSB).
The UDSB in general depends on the heat input Q', but Figure 10 shows that this effect is small. This is due to the near similarity of the individual channel load curves for different heat flux values. The small deviation from perfect similarity is a result of the low accelerational pressure-drop contribution predicted by the pressure-drop model (Appendix A). The dominant pressure-drop contribution is due to viscous stress, which would result in perfectly similar channel load curves and a UDSB independent of heat flux if it was the only contribution. Also note that the UDSB for the higher heat flux appears to be discontinuous in Figure 10 (b). This is due to the fact that the simulations are subject to an upper flow rate limit to avoid transition to turbulent flow, which results in a lower limit for boil N , depending on the value of Q'. Regardless, we conclude that the uniform distribution stability boundary (UDSB) is fairly insensitive to variations in the heat flux. This allows us to interpret variations in boil N either as a variation in flow rate W for constant heat flux Q', or as a variation in heat flux Q' for constant flow rate W.
The UDSB resembles a wedge shape, originating from a point close to the origin of Figure 10  inlet subcooling for water). This is a large range relative to the region with two-phase outlet states, i.e., eq,out x between 0 and 1.
Note that the UDSB has lower bounds for boil N and sub N of ~0.005 and ~0.003 (corresponding to 1.6 C  inlet subcooling for water) respectively, for the case details here. When operating below one of these values, the uniform distribution is always stable, regardless of the other parameter. Importantly, the minimum of sub N suggests that maldistribution should not occur in practice when the inlet temperature is sufficiently close to saturation.
Parametric effects on maldistribution severity
The effect of operating conditions on the stability of uniform flow distribution does not necessarily describe their influence on the severity of maldistribution. We first propose a metric to quantify the severity of flow maldistribution. This metric is then used to assess the effect of operating conditions on flow maldistribution severity in the limiting case where the number of channels N goes to infinity; this limit approximates systems with a large number of channels. Only the stable flow distributions are considered in this parametric analysis.
It has been shown for the two-channel and five-channel cases that different flow rate distributions can have the same total flow rate W and pressure drop p as a consequence of the cross-overs in the cumulative load curve. However, there are no cross-overs in the stable parts of the cumulative load curves (see Figure 5 and Figure 7) . Therefore, the total flow rate W, or equivalently the average flow rate avg W WN  , and the pressure drop p correspond to a unique stable flow distribution. All stable flow distributions are properly parameterized by avg W and p, and the severity of maldistribution in these cases can be represented in a p-avg W diagram.
In order to arrive at a maldistribution metric, we first define the flow rate starvation 
As a metric to quantify the severity of maldistribution at a given operating point, we propose a relative average flow rate starvation J, defined by:
This metric incorporates both the amount of flow starvation of individual channels and the number of starved channels. Note that J quantifies the severity of maldistribution in a range between zero and one:
J is zero for uniform flow, and J approaches one when the flow rate is confined to one channel, with zero flow rate in all other channels.
In order to evaluate the value of J in the limit for an infinite number of channels, the asymptotic flow distributions need to be retrieved from avg W and p. As discussed in Section 5.4, there are no stable flow distributions with channels in region II in this limit. Therefore, the stable asymptotic flow distributions are completely determined by the fractions of channels, I n and III n , and flow rates, I W and III W , in the low-flow-rate region I and high-flow-rate region III, respectively. The flow rates I W and III W are functions only of the pressure drop p. These variables are related by the mass conservation equation:
Using Equation (22) and I III 1 n n  , the fraction of channels in region I can be calculated from avg W and
As an example, Figure 11 Depending on the average flow rate, the value of J decreases or increases with pressure drop.
The value of the relative average flow rate starvation J is not uniquely defined at a given avg W . In order to map the dependency of relative average flow rate starvation J on the boiling number boil N and subcooling number sub N , we consider the best and worst cases only. These are respectively given by the minimum and maximum values of J for a given average flow rate avg W . These results are depicted in the sub N -boil N diagram in Figure 12 for the case with parameters from Table 2 . Note that the sensitivity of the result to the heat flux Q  (here 10 W/m) is again small. This is due to the similarity between channel load curves for different heat flux values, as is discussed in Section 5.5. Figure 12 (a) reveals that the best case is given by the uniform distribution outside of the UDSB, where the value of relative average flow rate starvation J is zero. The J values are above zero only inside the UDSB where the uniform distribution is unstable. The worst-case maldistribution in Figure 12 (b) presents a more pessimistic view.
Within the UDSB, the value of J is significantly higher compared to the best case. Furthermore, even outside of the UDSB, there is an expansive region where the worst-case value of J is very high (i.e., severe maldistribution). Recall that maldistribution can occur even when the uniform distribution is stable, as pointed out in Section 5.2 for the two-channel case.
The dependence of the relative average flow rate starvation J on boiling number boil N and subcooling sub N is qualitatively similar between the best (Figure 12(a) ) and worst case (Figure 12(b) ). For low boil N , there is little to no maldistribution, and J increases with increasing boil N . This is due to the individual channels transitioning from operating in region III to operating in region I, one channel after another.
Further increase of boil N eventually leads to a reduction in J as nearly all channels are operating in region I. The range of boil N in which this transition happens increases with sub N . Notice also that there is a region for very low values of sub N where maldistribution does not occur at all.
Conclusions
Two-phase flow maldistribution in systems of heated parallel channels with a subcooled inlet state has been investigated. Such maldistribution can result from the non-monotonic behavior of channel pressure drop as a function of flow rate. A methodology is presented to model flow rate distributions in parallel channels. A pressure-drop model applied to every individual channel is integrated together with a pump curve into a system model. Multiple different flow distributions can occur for a given operating condition; the stability of each flow distribution is assessed by solving a generalized eigenvalue problem.
A theoretical analysis of the stability properties of systems with identical parallel channels is performed. The stability of steady-state flow distributions is dependent on the type of pump curve. For a constant pressure-drop pump curve, the stability of each individual channel is independent of the other channels. The flow in a channel is stable if and only if the slope of the channel load curve is positive.
The flow distribution in a system of parallel channels is stable when all channels are at a stable operating point. For a general pump curve, the stability is determined by all channels simultaneously. It is concluded that stable flow distributions can have at most one channel with a negative slope in the channel load curve. However, one negative-slope channel load curve could make the system unstable. When all slopes are positive, the flow distribution is definitely stable. Using these theoretical results, we have developed and implemented a more efficient flow distribution and stability analysis method for systems with identical parallel channels, compared to the general approach for non-identical channels. This algorithm requires significantly less calculation time and memory, and is hence a critical enabling factor for the study of the asymptotic stability behavior for many parallel channels.
The methodology is applied to several cases with varying numbers of identical parallel boiling channels. Severe maldistribution, with several channels almost completely starved of fluid flow, can occur. Furthermore, the uniform distribution appears to be unstable for a significant flow rate range.
These results indicate the potential for severe maldistribution. Additionally, the asymptotic stability behavior as the number of parallel channels increases is investigated. We demonstrate that the stability behavior for a system with constant flow-rate pump curve converges to that of the system under a constant pressure-drop condition, which is much simpler to predict. It therefore serves as a useful reference case for approximating stability if the number of channels is sufficiently large.
Finally, parametric effects of inlet subcooling, heat flux, and flow rate on the stability of the uniform distribution and on the severity of maldistribution are investigated. Using a diagram of the dimensionless boiling number boil N and the subcooling number sub N , we identify the operational regions where uniform flow distribution is unstable and where the severity of maldistribution is high. The severity of maldistribution is measured by a new metric, namely, the relative average flow rate starvation J. There is 24 a minimum inlet subcooling below which the uniform distribution is always stable and maldistribution cannot occur, regardless of the boiling number.
The primary variables in these equations are G, p, and h. Three boundary conditions are used to solve these first-order differential equations:
The following secondary variables are required to fully close the system of equations:
Thermodynamic equilibrium quality:
The vapor quality is the same as eq x but limited to the range [0,1]:
Void fraction:
where gf S u u  is the slip ratio between the vapor and liquid phases.
Empirical correlations are needed to obtain the slip ratio S and the frictional pressure gradient w F .
The slip ratio is estimated by the Zivi correlation [39] :
The friction factor f of fully-developed laminar flow in a rectangular channel is given by [43] 
where  is the aspect ratio of the channel (0    1). The Reynolds number should be calculated based on the flow rate of each phase alone:
In Eq. (36), C is the Chisholm constant, which accounts for the interaction between the two phases. For laminar flow in both phases, its value is 5 [41] .
The model is solved numerically by finite-volume discretization of the governing equations on a one- 
A relative step size  of 10 -3 is used for all the simulations in this article. A parameter dependency study of  was performed to verify that this choice yields accurate results.
Appendix B. Supplementary Data
Supplementary data associated with this article can be found in the online version. Tables   Table 1. Summary of solutions of eigenvalue problem given by Equation (8). Table 2 . Individual channel parameters. Table 3 . Effect of the number of parallel channels on the bounds of the forbidden region in the individual channel load curve, in a system with a constant flow-rate pump. Channel parameters are given in Table 2 . Table 4 . Literature summary of parametric effects on the channel load curve. Table 2 ). The three flow rate regions (defined in Figure   1 ) are identified with schematical channel symbols. The length (short to long) and color (red-green-blue) of the included arrows represent the magnitude of the flow rate. Figure 5 . Pressure drop p versus total flow rate W, i.e., the cumulative load curve, for two identical heated parallel channels (parameters in Table 2 ). The stability of each operating point is judged for a system with a constant flow-rate pump. The length and color of the arrows in the channel-like symbols have the same meaning as in Figure 4 to represent the flow rate combinations in the different parts of the curve. Table 2 ). The stability of each operating point is judged for a system with a constant flow-rate pump. The length and color of the arrows in the channel-like symbols have the same meaning as in Figure 4 to represent the flow rate combinations in the different parts of the curve. Table 2 ). The stability of each operating point is judged for a system with a constant flow-rate pump. The 'stability exception' points to the only stable flow distribution involving a channel with flow rate in region II. Table 2 ). The stability of each operating point is judged for a system with a constant flow-rate pump. Figure 9 . Load curve of an individual channel in a system with N identical heated parallel channels (parameters in Table 2 ). The vertical axis uses arbitrary units to offset the curves for visualization (shifted without rescaling). The red color denotes the forbidden region: if any individual channel operates in this range, a system with constant flow-rate pump curve is unstable, regardless of the other channels. For comparison, the result for a system with constant pressure-drop pump curve is also shown. Figure 13 . Schematic channel geometry and boundary conditions. 33 Table 1 . Summary of solutions of eigenvalue problem given by Equation (8) . Table 3 . Effect of the number of parallel channels on the bounds of the forbidden region in the individual channel load curve, in a system with a constant flow-rate pump. Channel parameters are given in Table 2 . Table 4 . Literature summary of parametric effects on the channel load curve.
List of

List of Figures
Pump curve Eigenvalues
Number of channels, N
Parameter Effect References
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